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Abstract. We define a new version of modified mean curvature flow (MMCF) 
in hyperbolic space H n+1 , which interestingly turns out to be the natural 
negative L 2 -gradient flow of the energy functional defined by De Silva and 
Spruck in IDS09I . We show the existence, uniqueness and convergence of the 
MMCF of complete embedded star-shaped hypcrsurfaces with fixed prescribed 
asymptotic boundary at infinity. As an application, we recover the existence 
and uniqueness of smooth complete hypcrsurfaces of constant mean curvature 
in hyperbolic space with prescribed asymptotic boundary at infinity, which 
was first shown by Guan and Spruck in |GS00| . see also |DS09| . 



1. Introduction 

Let F(z, t) : 8™ x [0, oo) — >■ H n+1 be the complete embedded star-shaped hyper- 
surfaces (as complete radial graphs over S™ ) moving by the modified mean curvature 
flow (MMCF) in hyperbolic space H™ +1 , where S" is the upper hemisphere of the 
unit sphere S" in M. n+1 and the half-space model of M™ +1 is used. That is, F(-,t) is 
a one-parameter family of smooth immersions with images E t = F(S™ , t), satisfying 
the evolution equation 

\ F(z,0) = E , ze§+, 
where H denotes the hyperbolic mean curvature of E t , a G (—1, 1) is a constant, and 
vh denotes the outward unit normal of Et with respect to the hyperbolic metric. 
By the half-space model of H™ +1 , we mean 

BT l+1 = {(x',x n+1 ) G K" +1 : x n+1 > 0} 

equipped with the hyperbolic metric 

diSjj = — 2 — dsj^^ 

X n+1 

where ds% denotes the standard Euclidean metric on K™ +1 . One identifies the hy- 
perplane {x n+1 = 0} = E™ x {0} C R n+1 as the infinity of H™ +1 , denoted by 
d ao W+ 1 . 

In this paper we consider the questions of the existence, uniqueness and con- 
vergence of the MMCF of complete embedded star-shaped hypersurfaces (as radial 
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graphs) in the hyperbolic space H™ +1 with a fixed prescribed asymptotic boundary 
at infinity, under some natural geometric conditions on the initial hypersurfaces. 
Namely, we consider the following Dirichlet problem of the MMCF: 

I J^F(z, t) = (H — a) v H , (z, t) G SI x [0, oo) , 
( L2 ) I F(z,0) = S , ze§; ; 

[ F(z,t)=r(z), (z,t) G <9S+ X [0,oo), 

where a E (—1,1) and T = 9Eo is the boundary of a star-shaped C 1+1 domain 
in {a; n _|_i = 0} (the case of T being only continuous will also be discussed). As 
an application, we shall also show that we can use the MMCF to deform a com- 
plete regular hypersurface to get one with constant hyperbolic mean curvature a 
in hyperbolic space H™ +1 . 

Mean curvature flow (MCF) was first studied by Brakke [B78] in the context 
of geometric measure theory. Later, smooth compact surfaces evolved by MCF in 
Euclidean space were investigated by Huisken in [H84j and |H90| , and on arbitrary 
ambient manifolds in |H86j . The study of the evolution of complete graphs by 
MCF in R n+1 was also studied in [EH89] . the result being improved in |EH91j . 
See also |H89j for the nonparametric MCF with Dirichlet boundary condition. In 
[U03| . Unterberger considered the MCF in hyperbolic space, namely, the case of 
a = in equation And he obtained that if the initial surface £0 has bounded 

hyperbolic height over §" then under the MCF, S t converges in C°° to S™ which has 
constant mean curvature 0. Note that no Dirichlet boundary data was imposed in 
[U03j . We shall remark that a similar MMCF (which is called the volume preserving 
MCF) was studied by Huisken in |H87j for closed, uniformly convex hypersurface 
in K™ +1 , where the constant a in (jl.ip was replaced by the average of the mean 
curvature of S t , see also [CM07j for this volume preserving MCF in the hyperbolic 
space. With the average of the mean curvature of S t in the place of the constant 
a, one cannot expect what the flow will converge to (if it converges), while we see 
directly that if the MMCF (|1.1[) converges then it converges to a hypersurface with 
constant mean curvature a. Namely, we can actually prescribe the constant mean 
curvature a G (—1,1) for the limiting hypersurface. This is the important feature 
and novelty of our version of MMCF defined in this work, which is also special for 
the hyperbolic setting. Finally, we shall remark that it would be very interesting 
to see what the corresponding MMCF is in the Euclidean setting. 

The problem of finding smooth complete hypersurfaces of constant mean curva- 
ture in hyperbolic space with prescribed asymptotic boundary at infinity has also 
been studied over the years, see [SH2], [HL87] . |Lin89j . [T96] and [NS96] . In [CS00] 
Guan and Spruck proved the existence and uniqueness of smooth complete hyper- 
surfaces of constant mean curvature a G (— 1, 1) in hyperbolic space with prescribed 



MODIFIED MEAN CURVATURE FLOW IN HYPERBOLIC SPACE 3 




{x n+ i = 0} 



Figure 1. 

asymptotic boundary at infinity In DS09], among other, De Silva and Spruck re- 
covered this result using the method of calculus of variations and representation 
techniques. We remark that our paper can be thought of as a flow version of their 
variational method, see Section [2]. For the existence of hypersurfaces of constant 
(general) curvature in hyperbolic space H™ +1 which have a prescribed asymptotic 
boundary at infinity see |GSZ09j and |GS08j . 

Due to the degeneracy of the MMCF (|1.2| for radial graphs at infinity (see 
equation (|2.8p below), we will begin with considering the approximate problem. 
For fixed e > sufficiently small, let r £ be the vertical translation of T to the plane 
{x n+ i = e} and let f2 € be the subdomain of §" such that r e is the radial graph over 
dfl e (see Figure[T]). We consider the following Dirichlet problem of the approximate 
modified mean curvature flow (AMMCF): 

{^-F(z,t) = {H-a)u H , (z,t) efi e x [0,oo), 
F(z,0)=E§, ze!! e , 
F(z,i) = T £ (z), for all (z,t) G <90 e x [0, oo) , 

where Eg = F(fi e , 0), <9Eg = T e and a G (-1, 1) . 

For any e > sufficiently small and any point P G <9Eq = (denoting E[j = Eq 
and To = T), the uniform star-shapedness of T e implies there exist balls Bn 1 (a, P) 
and Bji 2 (b,P) with radii i?i > and R 2 > and centered at a — (a 1 , —aRi) and 
b = (b' ,<rR 2 ), respectively (see also "equidistance spheres" in Section EOI below), 
such that {x n +i — e} fl (a, P) is internally tangent to r e at P and {x n +\ = 
e} n Bfj 2 (b, P) is externally tangent to T e at P. Note that in a small neighborhood 
B S {P) around P for some 5 > 0, both dB Rl (a, P) n B S (P) and dB R/2 (b, P) n B S (P) 
can be locally represented as radial graphs. To state our main results appropriately, 
we say that the initial hypersurfaces Eg's satisfy the uniform interior (resp. exterior) 
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B R2 (b,P) 




{x n +l = e} 




B Rl (a,P) 



Figure 2. 



local ball condition if for all e > sufficiently small and all P e T e , Eg D B$ (P) fl 
B Rl (a,P) = {P} (rcsp. E n B S (P) n B R2 (b,P) = {P}, sec Figure [2]), and the 
local radial graph dBn 1 (a, P) n Bg(P) (resp. dBn 2 (b,P) fl B$(P)) has a uniform 
Lipschitz bound depending only on the star-shapedness of T. If Eq's satisfy both 
of the uniform interior and exterior local ball conditions, then we say Eq's satisfy 
the uniform local ball condition^ 

The main results in this paper are the following. 

Theorem 1.1. Let T be the boundary of a star-shaped C 1+1 domain in {£ n +i = 
0} = dooW n+1 and T e be its vertical lift to {x n +\ = e} for e > sufficiently small. 
Let Eg = lim e _>.o Eg oe ^ e limiting hypersurface of radial graphs Eq € C 1+1 (il e ) 
with 9Eq = T e . Suppose Eg 's have a uniform Lipschitz bound and satisfy the 
uniform local ball condition. Then 

(i) there exists a unique solution F(z,t) <G C°°(§ r | x (0, oo) n C 1+1 '3+5(§« x 
(0, oo)) n C°{Wl x [0, oo)) to the MMCF (01) ; 

(ii) there exist ti /* oo such that Et i = F(S r t,ti) converges to a unique sta- 
tionary smooth complete hypersurface Eoo G C°°(§") n C 1+1 (8") (as a 
radial graph over S™ ) which has constant hyperbolic mean curvature a and 
cJEqo = r asymptotically. Also, each E t is a complete radial graph over S" ; 

(hi) if additionally Eq has mean curvature H £ > a for all e > sufficiently 
small, then E t converges uniformly to E m /or a/Z £. 

In fact, if Eg has hyperbolic mean curvature H e > a for all e > sufhciently small, 
then the uniform interior local ball condition on Eq's can be relaxed. 

Theorem 1.2. Let T and T e be as in Theorem \1.1\ and Eg = lining Eq be the 
limiting hypersurface of radial graphs Eg £ C 2 (£l e ) fl C 1+1 (f2 £ ) with i9E = r c . 



Such initial hypersurfaces exist and can be constructed explicitly since the balls (a, P) 
and Bji 2 (b,P) can be constructed with uniform radii (see equation 118.511 ') and the tangent plane 
to them at P can be computed explicitly as well (see equation 116. 21 ). 
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Suppose Sq has mean curvature H c > a for all e > sufficiently small and Eq 's 
have a uniform Lipschitz bound and satisfy the uniform exterior local ball condition. 
Then there exists a unique solution F(z,t) £ C 00 ^™ x (0,oo) n C" 0+1 - +lJ (Sf x 
(0,oo)) n C°(Wl x [0,oo)) to the MMCF ([3^2]). Moreover, E t = F(S",i) converges 
uniformly for all t to a unique stationary smooth complete hypersurface Soo € 
C°°(S") fl C 1+1 (S") (as a radial graph over S™^ which has constant hyperbolic 
mean curvature a and <9£oo = Y asymptotically. Also, each E t is a complete radial 
graph over S™ . 

We will give an example of "good" initial hypersurfaces in Theorem ll.2l in Section 
[8] As an immediately corollary of Theorem 11.11 or Theorem II .21 we recover the 
following existence and uniqueness results due to Guan and Spruck. 

Corollary 1.3. GSOO] Suppose T is the boundary of a star- shaped C 1+1 domain in 
{x n+ i = 0} and let \o~\ < 1. Then there exists a unique smooth complete hypersur- 
face E of constant hyperbolic mean curvature a in H ra+1 with asymptotic boundary 
r. Moreover, E may be represented as a radial graph over S™ of a function in 

c oo (§f)nc 1+1 (§») . 

With the aid of an a priori interior gradient estimate (see Section [9J and via 
an approximation argument, the regularity of the boundary data T in Thcorcm ll.il 
and Theorem 1 1 . 2 1 could be further relaxed to be only continuous and a similar result 
still holds (see Theorem 19.21 below). As an application, we have 

Corollary 1.4. [GSOO . [DS09] Suppose T is the boundary of a continuous star- 
shaped domain in {x n +i = 0} and let |er| < 1. Then there exists a unique smooth 
complete hypersurface E of constant hyperbolic mean curvature a in H n+1 with 
asymptotic boundary T. Moreover, E may be represented as a radial graph over S™ 
of a function in C°°(§^) n C°(8^) . 

The paper is organized as follows. In Section [5] we set up the problems, namely, 
the Dirichlct problems for the MMCF and AMMCF for radial graphs in hyperbolic 
space. In Section [3] we state the short-time existence result for the AMMCF and 
discuss the equidistance spheres in H n+1 which will serve as good barriers in many 
situations. We will prove Theorem 11.11 in sections 2H7] In Section |4] we prove a 
global gradient estimate for the solution to the AMMCF and therefore the long- 
time existence of the AMMCF. In Section [5] we prove the uniform gradient estimate 
for the solutions to the AMMCF's, which leads to the long-time existence of the 
MMCF, while in Section [7] we show the uniform convergence of the MMCF in the 
case of H e > a initially for all e > 0. Wc show the boundary regularity of the 
MMCF in Section [6l In Section [8] wc will prove Theorem 11.21 and give an example 
of "good" initial hypersurfaces in Theorem 11.21 In Section |9] we prove a version of 
a priori interior gradient estimate and therefore the existence result of the MMCF 
with only continuous boundary data. 
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2. MMCF AND AMMCF FOR RADIAL GRAPHS IN HYPERBOLIC SPACE 

Let il C S™, and suppose that E is a radial graph over fi with position vector 
X in Then we can write 

X = e v(z) z, z 6ft, 

for a function u defined over f2. Wc call such function v the radial height of E. 

2.1. Gradient flow. As in |DS09) . one can define the energy functional 1(E) as- 
sociated to E : 

1(E) = l n (v) = A n (v)+naVu(v) 

(2.1) = / + \Vv\ 2 y- n dz + n<7 [ v(z) y'^+V dz , 

Jn Jn 

where y = z n +i and V denotes the covariant derivative on the standard unit sphere. 
Note that in this energy functional 1(E), the term Aq corresponds to the area of E 
(under the hyperbolic metric) and the term Vh corresponds to the radial volume of 
the cone region between E and the origin (up to a constant), see [DS09] for details . 

Then for a smooth solution F(z, t) to the MMCF (jl.ll) . which can be represented 
as a complete radial graph over 51 = §™ , namely, 

F(z, t) = X(z, t) = e v{z - l) z , (z, t) g §1 x (0, oo) , 

wc haw 

^I(E t ) = -n [ (H-<j) 2 ^l + \Vv\iy- n dz 
at J n 

(2.2) = -n I (dF/dt , (H - cr)v H ) H dA = -n I (H — ofdA < , 

Jn Jn 

where in the first equality we used the Stokes' theorem, equation ()2.8[) (see below) 
and the fact that (see equation (1.2) of }DS09j ) 

diVz ( y~ n ^ ) = nHy -(n+i) in n 

and the second equality is just the first variation formula for I . 

From this point of view, one sees that the MMCF is the natural negative L 2 - 
gradient flow of the energy functional 1(E) . We have: 

Lemma 2.1. Let F(z, t) = e"( z '*)z be a smooth radial graph solution to the AMMCF 
(jOj) into* [0, T] . Then for all t E [0, T) we have 

(2.3) I (El) + n [ [ (H-afdAdt = I(E e ) . 

Jo Jn 

Remark 2.2. We point out that equation (|2.2p is a natural analog of the well-known 
formula for the classic MCF: 



d f 

— Arca(E t ) = - / H 2 dA < . 
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2.2. The hyperbolic mean curvature. We will begin with fixing some nota- 
tions, and collecting some relevant facts about the hyperbolic space H™ +1 . Where 
necessary, expressions in the Euclidean and hyperbolic spaces will, be denoted by 
the subscript or superscript E and H, respectively. Let V denote the covariant 
derivative on the standard unit sphere S" in R ra+1 and 



y = e • z for z e S™ C 



pn+l 



where, throughout this paper, e is the unit vector in the positive x n +i direction 
in R™ +1 , and '•' denotes the Euclidean inner product in R™ +1 . Let ti,...,t„ be 
a local frame of smooth vector fields on the upper hemisphere S™ . We denote by 
Jij = i~i ■ Tj the standard metric of S™ and its inverse. For a function v on S™ , 
we denote i>; = V;« = V ri i>, tiy = VjVji>, etc. 

Suppose that locally E is a radial graph over O C S". Then the Euclidean 
outward unit normal vector and mean curvature of E are respectively 

z — Vv 

v E = 

w 

and 



ne"w 

where 

7 « - ; i < f> j < n and w = (i + jv^l 2 ) 1 / 2 . 



The hyperbolic outward unit normal vector is 

v H = uv E , 

where 

u = e ■ X = e • e v z = y e v 

is called the height function. Moreover, using the relation between the hyperbolic 
and Euclidean principle curvatures 

nf = e • ve + u nf , i = 1, n , 

we have (see equation (2.1) of jGSOOj . cf. equation (1.8) of [GS08] ) 

(2.4) H = e-v E + uH E , 
which gives the hyperbolic mean curvature of E : 

(2.5) H = ye v H E + 



y — e • Vw j/ i>ij e • Vw 



to n w w 

and therefore 

■ ■ 77 

(2.6) a IJ Wy = -(Hw + e- Vu) . 
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2.3. Degenerate parabolic equation. The first equation of the MMCF (|1.2j) 
implies 

/fl„ \ / d , v , \ e v dv 1 dv 

Therefore by equation (|2.5p we have 

(2.8) = yw[H - <7 )= -ye-Vv- ayw . 

at n 

Suppose r is the radial graph of a function over <9§™ , i.e., T can be represented 

by 

X = e^ (z) z, ze0S£. 

Then one observes that the Dirichlet problem for the MMCF (|1.2[) is equivalent 
to the following (degenerate parabolic) Dirichlet problem (the MMCF for radial 
graphs): 

^M) 2 £^tf V „_ (M)£ §n X(0,00), 

at n T 

( 2 - 9 ) \ v(z,0) = v (z) , zeS", 

v{z,t) = 0(z), (z,i) e x [0,oo), 
where we represent Sq as the radial graph of the function e vo over S™ and vq | „ g „ = 



2.4. Approximate problem. Due to the degeneracy of equation (|2.9p at infinity 
(i.e., y = 0), we consider the corresponding approximate problem for a fixed e > 
sufficiently small. Namely, equivalently to (|1.3|) . we solve the following (non- 
degenerate parabolic) Dirichlet problem (the AMMCF for radial graphs): 

<9v(z,i) ^a^Va „ , . _ .„ . 

L = 2/ 2 - ye ■ Vv - ayw , (z,t) e O e X 0, oo , 

( 2 - 10 ) ^ u(s,0) =«§(*), zea, 

u(z,t) = £ (z) , (z, t) e <90 e x [0, oo) , 



where we represent Eg as the radial graph of the function e v ° over f2 e and Vq | 
£ , and (/) e is a function defined on <9Sl e c S" such that r c can be represented as a 
radial graph of over c?O e , i.e., 

(2.11) X = e 0t(z) z, z G dCt e . 

We denote the regular solution to (|2.10[) by v e . 

3. The short-time existence and equidistance spheres 

3.1. Short-time existence. In the rest of the paper, we will focus on the case 
of a £ [0, 1) and the case of a € ( — 1,0) can be dealt with in the same way after 
using the hyperbolic reflection over S™ . The standard parabolic PDE theory with 
Schauder estimates guarantees the short-time existence of a regular solution (up to 
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the parabolic boundary) to the AMMCF (|2.10|) with a C°° initial hypersurface and 
compatible boundary data (i.e., H = a on <9£q). And for a C°° initial hypersurface 
with incompatible boundary data, a solution exists at least for short time and 
becomes regular immediately after t = (cf. |Ha75j ) . This is the statement of the 
next lemma. 

Lemma 3.1. There exists T* > such that the AMMCF (j2~Tu) with initial data 
Vq € C°°(f2 e ) has a solution v e G C°°(r2 £ x [0, T*)) except on the corner dfl e x {t = 
0}. 

For less regular (e.g. C 1+1 ) initial and boundary data, the short-time existence 
lemma will remain true (see e.g. |L961 theorem 8.2] and [LSU681 theorem 4.2, 
P.559]). 

Lemma 3.2. There exists T* > such that the AMMCF (|2.10|) with initial data 
v c G C 1+1 (IV) has a solution v e G C°°(Q t x (0,T*)) n C°(TT e x [0,T*)) . 

Moreover, as we shall see, the passage to the limit of {v e } as e — > to get the 
long-time existence of the MMCF ()2.9[) is based on a series of estimates uniform in 
e. 

3.2. Equidistance spheres. In the following, let T t (possibly oo) be the maximal 
time up to which the AMMCF (|1.3[) for radial graphs or cquivalently the solution 
to (|2.10|) exists, and let V e = Uo<t<T e S| denote the flow region in H n+1 , where 

= F(Q e ,t) is the hypersurface moving by the AMMCF (fO|) at time t. 

Our estimates in the proof of the main theorems are all based on the following 
fact: let B\ = Bf>(a) be a ball of radius R centered at a = (a' , —<tR) G M. n+1 where 
a' G M" and a G (— 1, 1). Then Si = dB\ n H n+1 has constant hyperbolic mean 
curvature a with respect to its outward normal. Similarly, let B2 = B R(b) be a ball 
of radius R centered at b = (b',aR) G « n+1 , then S 2 = dB 2 n H" +1 has constant 
hyperbolic mean curvature u with respect to its inward normal. These so called 
equidistance spheres will serve as good barriers in many situations (see Lemma l3.3l 
below). Let D C {x n+ i = 0} be the domain enclosed by T and D e C {x n+ i = e} 
be the domain enclosed by r e . 

Lemma 3.3. Let B\ and B2 be balls in R n+1 of radius R centered at a = (a' ', —<jR) 
and b = (b 1 , ci?), respectively. 

(i) If HI C B x , then V e C B x (see Figure^; 

(ii) If B Y n {x n+1 = e} C D e and B x n = 0, i/ien Si n V e = ; 

(iii) IfB 2 nD t = ® and B 2 nZ e = 0, i/ien B 2 n V e = . 

Proof. This lemma follows from the maximum principle by performing homothctic 
dilations (hyperbolic isometrics) from (a',0) and (6',0), respectively. For (i), we 
expand B\ continuously until it contains Eg; for (ii) and (iii) we shrink B\ and 
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{x n +l = e} 




Figure 3. 



B2 until they are respectively inside and outside Eg. We note that EJ satisfies 
equation (|2.8[) as a radial graph and its mean curvature is calculated with respect 
to its outward normal direction. Also S\ , S2 have constant mean curvature a with 
respect to the outward and inward normal respectively, and locally as radial graphs 
they both satisfy equation (|2.8[) (statically) too. Then from the maximum principle 
we see that EJ: cannot touch B\ or B2 when we reverse this process. □ 

Similarly, for the stationary case we have 

Lemma 3.4. |GS0Q[ lemma 3.1] Let B\ and B2 be balls in W l+1 of radius R 
centered at a = (a',—o~R) and b = (b',aR), respectively. Suppose E has constant 
hyperbolic mean curvature a . Then 

(i) 7/9E c Bi, then EcBi; 

(ii) If B x n {x n+1 = e} C D e , then Bi n E = ; 
(hi) If B 2 nD e = 0, then B 2 n E = . 

4. Global gradient bounds and long time existence of the AMMCF 

Before we begin our proof, we would like to collect some important formulas 
that were first derived in jGSOOj . From now on, we assume the local vector fields 
Ti, t„ to be orthonormal on S" so that 7^ = Sij and thus a IJ = Sij — . The 
covariant derivatives of y are 

(4.1) yi = Vit/ = (e • z)i = e ■ n, 



Vij = VjVj-y = e • VjVj-z = e • VjT,- 



ySij. 



Therefore 



e- Vy = ^(e-T 4 ) 2 = 1 - y 2 , 



Vw • Vy = e • Vw and Vic • Vy = e • Vic . 
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Note that wc also have the identities 



a l3 ViVj = 1 \r, VV* = n - 1 + — ^ . 

w w * — ' w 

Moreover, 

I a o\ v kVki VkVkij , 1 k l i /t~7 ii\ 2 ti 

(4.2) = , Wij = 1 a VkiVu and (V k a J )vu = a J WiV kj . 

w ww w 

Straight forward calculations also show that 

(e • Vu) l = (e • r k Vk)i = e • r k v ki - ym = y k v kl - yvi, 
(e • Vv)ij = e • TkVkij - 2yv i: j - e • TjVi = ykVkij ~ 2yv l3 - yjVi 

and 

(4.3) Vu • V(e • Vw) = Vi(e ■ r k v k i — yvi) = we ■ Vic — y(w 2 — 1) . 
We also have the formula for commuting the covariant derivatives 

(4.4) v ijk = v k ij + Vj8 lk - v k Sij . 

Now we are ready to state our first main technical lemma. 

Lemma 4.1. Let v G C 3 '^(f2 x (0,T)) be a function satisfying equation (|2.8|) for 
some T > and f2 C §" . Then 

3 u 2 (w 2 1) 

(4.5) (— - L)w < -cr(e • Vv) + — - H 2 w < 2w mOx(O.T), 

at nw 

where L is the linear elliptic operator 

v 2 ( 2 n 

L = — [ a* J V« - -a^WiWi (aVv + we) ■ V 

n \ w wy 



Proof. By equation (|2.8j) we have 

d 1^ . « Vv ,__ 

— = — Vw • V(vt) = V(yw(H - a)) 

at w w 

Vv 

= • (Vyw(H - a) + yVw(H - a) + ywV H) 

w 

= e ■ Vv(H -a) + ^— — — Vv ■ V«i + yVv ■ VH 

w 

Differentiating both sides of the equation (|2.6[) with respect to r k gives (using also 
the equation (|4.2p ) 

Ti Ti 

= -(H k w + Hw k + (e • Vv) k ) n(Hw + e • Vv)y k ■ 

V V 

Therefore 

■ - Ti Ti *2i ■ ■ 

a lJ v k ij =-{H k w + Hw k + (e • S7v) k ) ^{Hw + e • S7v)y k H a lJ WiV kj 

y y £ w 

(4.6) - \ + (n - 1 + \ )vk 

w z wr 
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and 

a lJ v k Vi jk a lJ WiV k v k: j = -Vv-(VHw+HVw + V(e-Vv)) ^ — (Hw+e-Vv) . 

Note that we also have 

a ij Wij = a lJ ( VkVki: > + — a kl VkiVl] ) 

WW 

= — (v k a l3 (v ijk - VjSik + v k 8ij)) H a l -> a kl v ki vij . 

w w 

Now by the definition of the operator L, we have 

= e • Vv(H -a) + ^— — -Vji • Vw + yVv ■ VH 

w 

V 2 ( a 2 a n 



n \ w 



n \ 

a lJ WiWj (ctVu + we) ■ Vic ) 

wy J 



: e ■ Vv(H - a) + — -Vv ■ Vw + yVv ■ VH 



n 



Vv ■ (VHw + HVw + V(e • Vv)) ^—{Hw + e • Vv) 

wy wy 



n 

nw nw w nw 

5— a J WiV k v k j H a J WiWj H (crvu + toe) • vw 

w n wn w 

- e • Vv(2H -a)- — (Vv • V(e • Vv) - we ■ Vw) ' ^ ' V ^ 



to to 

+ — (l - \) - y 2 (w - -)(1 - I + J_) _ J^-a^Wy 
ur w n nw z nw 

< e ■ Vv(2H -a)- -^(-y(w 2 - 1)) + i& '■ Vv) * + - -1) 

w w nw w 

- y 2 (w - -)(1 -- + -L) - i(Ft« + e • Vv) 2 
w n nw w 

v 2 1 
= - a(e ■ Vv) + —(w ) - H 2 w . 

n w 

Here we used the equations (14.31) . (|2.6[) and (by Cauchy-Schwarz inequality) 

1 , „•„■ >o n 
.'7 2 

Hence we conclude that 



i ij a kl v kiVlj > -(a« % ) 2 = ^(i^ + e-V*;) 2 . 



9 

( — - L)w < 2w. 



□ 



For any e > and at any point z € dft e corresponding to 
let B\ = B R (a' ,—aRi) and B\ = B R {b' ,cri?2) be the (Euclidean) balls with radii 
R\ > and i?2 > 0, respectively, such that and i?| are tangent at Po, and 
i?f fl{a;„+i = e} is internally tangent to T € at Pq, and -B|D{x n +i = e} is externally 
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tangent to r £ at P$ . Recall that S\ = dB\ n EP +1 has constant (hyperbolic) mean 
curvature a with respect to its outward normal while 5| = <9i?|n]HI rl+1 has constant 
mean curvature a with respect to its inward normal. Moreover, we can represent 
S\ and S\ near Pg as radial graphs X, = e Vi z, i = 1, 2 for z G fl e H P eo (zo) where 
eo depends only on the radii of Pf 's and the uniformly star-shapedness of T. Then 
the uniform local ball condition implies 

(4.7) tpl(z) < «§ < <p e 2 (z), zeans £o (z ). 

From this point of view, one sees that S{ and 5| serve as good local barriers of Eg 
around Pq and |Vuq|(Po) < C, where C is independent of e and Po € r e . Moreover, 
note that Sf and S 1 ^ have constant hyperbolic mean curvature a and they are static 
under the MMCF (|2.8p as local radial graphs. Therefore by the maximum principle, 
they also serve as good local barriers of S| around (Po,t) for all t <S [0, T e ) and we 
have 

(4.8) \^\(P ,t) < C 

for all t € [0, T e ), where C is independent of e and P by the uniform local ball 
condition. 

Lemma 4.2. Locally Sf is interior to V e and * s exterior to V e . 

Proof. This follows from the maximum principle . □ 

Let Pn e (T*) = n e x {0}Udn € x [0, T*) be the parabolic boundary of T^x [0, T*). 
Then Lemma [4. 11 equation (|4.8|) and the Lipschitz bound on the initial radial graph 
T,q immediately yield (see e.g. }L96| thoerem 9.5]) 

(4.9) wH<z,t) < e 3T - max w e (z, t) < C(e) , (z, t) G HI x [0, T*) . 

(z,t)GPn e (T*) 

With this gradient estimate (and therefore the Holder gradient estimate, see e.g. 
[L96l theorem 12.10]), for any fixed e > the AMMCF with the approximate 
initial hypersurface satisfying the conditions in Theorem 11.11 exists uniquely by the 
parabolic comparison principle and w £ £ C°°(f2 e x (0, oo))nC 0+1 ' 0+ ^ (O e x (0, oo))n 
C°(ri e x [0,oo)) by Schauder estimates. Therefore we have proved 

Theorem 4.3. LetT, T e and Sg 's be as in Theorem ] 1 . 1\ Then there exists a unique 
solution F(z,t) e C°°(^ e x (0,oo)) n C 0+h0+ i(TT e x (0, oo)) n C°(Tu x [0,oo)) 

5. Sharp gradient estimates 

Since the earlier gradient estimate is too crude to prove the uniform convergence 
of the AMMCF's to the MMCF as e — > 0, we need a uniform sharp gradient 
estimate. To do this, we will need the next main technical result. 
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Theorem 5.1. Let v <E C 3 ^(£l x (0,T)) be a function satisfying equation (|2.8[) for 
some T > and ftCffi . Then 

d 

(5.1) (— - L){e v {w + a(y + e- Vjj))) < mf2x(0,T), 

where L is the linear elliptic operator from Lemma\J^.l\. 



Proof. From the proof of Lemma 14.11 we know that 
,d_ 

1 dt n w 



(5.2) - L)w < -a(e ■ Vv) + —{w - -) - H 2 w . 



We also have 

il t -L)y=-L { y ) 

y 2 2 n 

= {a l3 Vi] a^Wiyj (ctVu + we) ■ Vy) 

n w wy 

(5.3) = - - (-i/Vd" - -a lj w iyj - —(aVv + we) • Vy) 

n z — ' w wy 

y , 2 7i y 

= - — ( a l] Wiyj (ere • Vv + w) + y ^) 

n w wy w 

2 y 2 a , y i Y7 . ^ y 3 ^ y 3 

— a J w i y J H (ere -vv + w) 1 ^ > 



nw w n nw* 



and 



d 

(— - L)(e • Vu = e ■ Vv t - L(e ■ Vi>) 
at 

= e-V(yw(H -a)) - y — [a« (e • V«)« a'We • Vv) 7 - 

n w 

(aVu + we) ■ V(e • Vi;)l 

= e • (Vyw{H - a) + yVw(H - a) + ywS7H) 

V 2 r 2 
~ ~ r (2/fc w fc»i - 2 V v ij - Vj v i) - —a lJ Wi{y k v k3 - yvj) 

no~ , . n , in 

Vw • V(e • Vv) e • V(e • Vv)\ 

wy y 

= (1 - y 2 )w(H - a) + Vw ■ \7yy(H - a) + ywe ■ VH 

ft ti 2 ■ ■ 

\Vk(-(HkW + Hw k + (e • Vv)k) ^(Hw + e ■ \7v)y k H a l3 WiV k j 

n y y w 

- * + (n - 1 + -^H) ^ - 2n(Fu; + e • Vu) 

?« W w 

a^WiykVkj H a^WiVj Vw • V(e • Vw) e • V(e • Vu)l 

w if y 

2 2 

= 2wi7 - crw(l - y 2 ) - cryVw • Vy + (1 + — + -^-g- )e • Vw 



n rtw 2 ' 



— ^-Vv • Vw + —Vjj • V(e • Vv) , 

nw 6 w 
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where we used equations (|2.6|) . (|4.1[) - (|4.3[) and (|4.6[) . Moreover 

■ 2 2 



(7^ - L)v = yw(H - a) - —{a %3 Vij - —a^w^ 
ot n w 



wy 



{aVv + we) • Vv) 



(5.4) 



m \ V / n tt 2 naw no 

ywyti — a) (—nw »vv ■ Vw 1 J 

n y w 6 y wy 

yw(H — a) — yHw H ^tVd • Vw + yaw 



?iw J 



w 



2y 2 ya 

rV!) • VW . 



nw° w 
Next, we note that for a function n defined on SI x (0, T) , 



d v 2 In 2 

(5.5) e~ v (— - L)(e v n) = r)(v t - Lv) + (n t - Lr,) - U —a l H % v^ - JL a *3 ViVj 
ot n n 



In particular, 

e- v (%- -L)(e v w) <w 



(5.6) 



2y 2 ya 

rVD • VW 



nw 

y 2 ij 



w 



2y* 



■2l, 



a^ViWj 



nw* 



;Vv ■ Vw — ya — a(e ■ Vv) H (w ) 



v 2 

-a(e ■ Vv) + — (w ) - H 2 w 

n w 



1 



v 1 2v 
H 2 w -—{w ) —Vv ■ Vw 



n w nw* 

2„ 



= — ya — a(e ■ Vv) — H w 



w 



and 



e- v (--L)(e v y)=y 



2y 2 ya 
— -Vu • Vio 



w 



V in 

H a J Wiy 3 

nw 



-\ (ere • Vv + w) 

w n nw 



y 3 y 3 , 

z n 



2y 2 



a n v. 



' ' j 

2y 3 y 2 a 2y 2 2y 2 . 

-vv ■ Vw 1 Vy ■ Vw t(Vw ■ Vw)(Vy ■ Vv) 

nw 6 w nw 

+ ^ { e-Vv) + y- 2 Al-- 2 ) 
w n w z 



2y 



nw° 
2 



nw* 



: Vv ■ Vy , 



and also 



e-"(--L)(e v (e-Vv)) 

= (e • Vv)(^—Vv -Vw-—) + 2wH 

nw A w 



y 2 , y 2 



aw(l — y ) — ayVw ■ Vy + (e ■ Vv)(l 

n nw* 

^LrVv ■ Vw + —Vv ■ V(e • Vv) - — (e • Vv)(l - 4r) 
nw 6 w n w l 



2y 2 Vv - V(e-Vv) 



16 LONGZHI LIN AND LING XIAO 

= -^3 (Vv • Vw)(e • Vu) - ^(e • Vv) + 2wH - aw(l - y 2 ) - ayVw ■ Vy 



nw* w 

1„.2 

,,2 



2v 2 2i/ 3 vo~ 2v 2 
+ (e • Vu)(l + -^) - -AtVv • Vw; + (^ ^)(we ■ Vw - yftc* - 1)), 

A TTJ/l^ 



nw 

Therefore, combining the above two equations gives 
e -(|-L)(e^2/ + (e.V«))) 

(5.7) = - ^ h - 1) + 2/ ^(1 j ) 

w nw w n w 

+ 2wH - aw(l -y 2 ) + e-\7v 
= y + 2wH — aw + e • . 

Finally, combining equations (|5.6[) and (|5.7[) implies 

(5.8) (^ - L)(e t '(u; + a(y + e ■ Vw))) < -e^fT - a) 2 ™ < . 



Combing the uniform local ball condition (see equation (|4.8|l ) and Theorem 15. II 
and appealing to the maximum principle, we conclude 

Corollary 5.2. Let if be the regular solution to the AMMCF (|2.10p with initial 
hypersurface Eq as in Theorem ] 1 . 11 Then we have 

(5.9) |V« e (M)l < C, for all (z,t) eTF c x [0,oo), 

where C is a constant independent of e . 



□ 



With the aid of Corollary 15.21 and the Arzela-Ascoli theorem, letting e — > 0, 
we can extract a subsequence of the regular solutions {S^} to the AMMCF l|1.3jl . 
converging uniformly to E 4 £ C°°(§'| x (0, oo)) n C 0+1 > 0+ ? (Sf x (0, oo)) n C°(§^ x 
[0, oo)) which solves the MMCF (|1.2I) with initial hypersurface Eo = Iim ei _>.o ^o*- 

6. The boundary regularity 

In this section we show the boundary regularity of the MMCF (|1.2|) in Theorem 
O The proof closely follows the idea in section 4.3 of [GSOOj . cf. jNS96j . Using 
the uniform local ball condition, we let Po G T and set e = in equation (|4.7p and 
denote 931 = ip\ and tpi = (p®. For some €2 > we have 

(6.1) < < ¥>a(*)> (z,i) £ (S+nB £2 (z )) x [0,oo). 

Note that the tangent plane T to Si at Po is a radial graph T = e^z in S™ n {z • > 
0} with 

(6.2) ^(z)^log P °' ei 

Ay + z • ei 



MODIFIED MEAN CURVATURE FLOW IN HYPERBOLIC SPACE 



IT 



V; + y\7y ■ X7v + ayw = 



where A = ^° =g and uq = ae + vl — er 2 ei is the unit normal vector to Si at Po. 
We also have 

(6.3) pi(z) < 77(z) < ^ 2 (z), ze§;nB (! (4 

We will need the following more precise estimate on t> . 

Lemma 6.1. v(z,t) = rj(z) + 0(\z - z | 2 ) m (S^nB f! (z )) x [0,oo). 

Proof. This follows immediately from equation (|6.1[) and the estimates \ip%— f]\{z) = 
0{\z-z Q \ 2 ),i = 1,2 from [GSOOl lemma 4.5 ]. □ 

Now let p G S™ and 5 be the geodesic distance of p to 9S™ with <5 < e 2 . Let 
g G <9§™ be the closest point to p. Introduce normal coordinates x — (xi, . . . ,x n ) 
in T g S™ with x(p) = (0, ... ,0,6). We observe that equation (|2.8I) may be written 
as 

dv y 2 w fy i v" 

at ~ ' 

or in local coordinates (cf. equation (4.33) of |GS00j ): 

a« y 2 w 5 / y/ll' 13 dv \ ^ kl dy dv ^ ^ 
dt &Xi \ w dxj ) dxu dxi 

where 7 = det(7y) and w 2 = 1 + 7 lJ J^rgjf:- One sees easily that both u and 77 
satisfy equation (|6.4[) (note that the hypcrplane T has constant hyperbolic mean 
curvature a as well). 

Set v(x) = \v{8x) and fj(x) = lr](5x). Then (|6.4[) transforms to 

(6 5) — ^ 9 f di \ 1 f; 7 fc ' ^ di 1 Q-ffiji = Q 

dt ny^/ dxi \ w dxj J dxk dxi 

where y{x) = \v{5x), %(x) = Hj(5x), 7 = det^) and w 2 = l+^ ij -§§-^j- 

Under this transformation we can move point p to the "interior" point p = 
(0, ...,0,1). For any T > and in B T = Bi(p) x (0,T), one observes that y = 0(1). 
Also since sup|Vv| = sup|Vv| < C and by |L96[ theorem 12.10], v is uniformly 
Qi+a,— Moreover, since fj satisfies the same equation (|6.4[) . v — fj satisfies a 
linear uniformly parabolic equation L(v — fj) = with uniformly Holder continuous 
coefficients. Then by the standard parabolic Schaudcr-type estimates and Lemma 
16. II we get 

sup(|V(5-r7)| + |V 2 (C-?))|) < Cisup|£-7?| < CS . 
Returning to the original variable we obtain 

(6.6) |Vu| + |V 2 u| < C , where C is independent of S . 

Now by equation (|2.2I) and Lemma [2~T1 the energy functional I is non- increasing as 
time t increases and the MMCF subconverges to a smooth complete hypersurfacc 
Soo G C°°(§™)nC 1+1 (§™) with constant hyperbolic mean curvature a and aSoo 
I c aooIHI n+1 . Thus we have proved 
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Theorem 6.2. Let v E C°°(S^ x (0, oo))nC 0+1 < 0+ ^ (Efx (0, oo))nC°(§™ x [0, oo)) 
be a solution to the MMCF and <f) G C 1+1 (dW[). T/ien u G C°°(§ r | x (0, oo))n 
^l+i.i+i^gn x (o,oo)) n C°(§^ x [0,oo)). Moreover, ttere exist U / oo swc/i 
£/iai £ ti = i^(S" converges to a unique stationary smooth complete hyper surface 
Soo E C°°(S™ )nC 1+1 (§™ ) ('asa radial graph over S+) which has constant hyperbolic 
mean curvature a and 9Soo = T asymptotically. 

So now all that is left to prove of Theorem 1 1.1 1 is the uniform convergence of the 
MMCF in the case that "Eq has mean curvature H e > a for all e > sufficiently 
small . 



7. Uniform convergence 

In this section we will show the uniform convergence of the regular solution to 
the MMCF ([L~2")l as t -> oo in the case of H e > a initially for all e > 0. To do this, 
we first show that for any fixed e sufficiently small and for any Zo G f2 e , i> e (zo,£) 
is non-decreasing along the flow, where v e is the regular solution to the AMMCF 
(|2.10p for radial graphs . This is an immediate corollary of the following lemma. 

Lemma 7.1. Let v G C 3: ^(0 x (0,T)) be a function satisfying equation (|2.8[) for 
some T > and fl C §™ . TTiera 

(7.1) - L)(yw(H - a)) = m!!x (0, T) , 

where L is the linear elliptic operator 



r 2y 2 2j/ 2 Vu; <tj/ 
— j(Vw ■ VwJVw V!) — i/e 



Z7 

n 



nw nw 



Proof. Let g = H — a and h = ywg, we have 
(7.2) ^ = - a) = ywg 



9w 1 1 
7.3 — = -V« • V (ywg = -Vu • V/i , 

at w w 



(7.4) 
and 



<9t u> 4 u> 2 



dH _ y f jj t f ^ ya lJ VijW t (e • Vw)t , (e • Vu)w ( 



ot nit; w ! «; 
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Therefore by equations (|7.3[) - (|7.5j) and (|2.6|) . we have 
dh 

— = ywtg + ywgt 



■ymg + yw 



ya t J Vij + ya^hij ya^VjjWt (e ■ Vv) t (e ■ Vv)w t 



y 2 v l3 (2ViVjVv -Vh hiV + hjvA y 2 i 

= yHw t - ayw t H J —, „ H a J hij 

n \ w w / n 

y(Hw + e • Vu) , y 

w t - y[e ■ \7v)t H (e • Vv)w t 

w w 

ay^ „, 2y 2 .„ „, > 2y 2 VwVh 

= yHw t -Vu • V/i + Vw • Vii)(Vw • V/i) 

10 nw d rue 

i/ 2 

+ — «"//,, - j/ifiut - y(e • Vu) t 
n 

= y^ hij + X(V«, • Vv)(Vv ■ Vh) - VVW ' Vk - ^Vv ■ Vh - y(e ■ Vh). 

n nw i nw w 

This completes the proof of the lemma using the definition of the operator L. □ 

Corollary 7.2. Suppose Eq has mean curvature H £ > a. Then = yw t {H <l — 
o-) > /or a// (z, t) € ^7 x [0, oo) . 

Proof. Since for any e, v e (z,i) = e (z), z € c?Sl e , we have vt = on 9f2 e x (0, oo). 
Then the condition H £ > a at t — 0, Lemma 1 7. II and the maximum principle imply 
that ^ = yw e (iJ e - a) > 0. □ 

Theorem 7.3. Let T, T e and Eq 's oe as m Theorem X 1 . 1\ and suppose E^ has mean 
curvature H e > a for all e > sufficiently small. Then S< converge uniformly for all 
t to a unique smooth complete star-shaped hypersurface Eoo <= C°°(S™ ) fl C 1+1 (S") 
wz£/i constant hyperbolic mean curvature a and boundary Y . 

Proof. The subconvergence of the flow follows from Theorem 16.21 Corollary 17.21 
then yields ^| > 0, where v is the regular solution to the MMCF (|2.9p for radial 
graphs. This monotonicity of v implies that the regular solution E t to the MMCF 
()1.2|) with initial hypersurface Eg converges uniformly for all t to E^ . □ 



This completes the proof of Theorem 11.11 . 

8. Proof of Theorem 11.21 and "good" initial hypersurfaces 



In this section we will prove Theorem 11.21 and give an example of "good" initial 
hypersurfaces for the Dirichlet problems (|2.10|) and (|2.9p . 

Proof, (of Theorem II. 2[) Note that since for any e > we have H 6 > a, Eq (as a 
radial graph of the function e v ° over f2 e ) is a subsolution to the AMMCF (|2.10|) . 
Therefore E serves as a natural lower barrier for the AMMCF. Combining this 
with the uniform exterior local ball condition yields the same proof as the one of 
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Theorem 11.11 given in the previous sections, except the C 1+1 boundary regularity 
of the flow. The C 1+1 boundary regularity of the limiting hypersurface Eoo follows 
from an elliptic version of the argument given in Section [51 see also section 4.3 of 
[GS00] . □ 



To find an example of "good" initial hypersurfaccs in Theorem 11.21 namely, for 
any e > we will restrict ourselves to looking for an initial smooth (C 2 -) hyper- 
surface Eg = F(f2 e , 0) that can be represented as a radial graph of the function e"° 
over Sl e C §!f , having hyperbolic mean curvature H e > a and r e as its boundary. 
Moreover, Eg's satisfy the uniform exterior local ball condition and |Vi>g|(z) < C 
for all z <S fl e , where C is a constant independent of e. For any e > sufficiently 
small, we will simply apply the implicit function theorem to construct a smooth hy- 
persurface in H™ +1 of constant hyperbolic mean curvature close to 1 with boundary 
r e to serve as such "good" initial hypersurface Eg. 

From equations (|2.5I) and (|2.11[) . one observes that if a smooth radial graph of 
the function e v over Q e has constant mean curvature a with prescribed boundary 
r e , then v satisfies 

{ - Ti 
a lJ Vn = — (aw + e • Vi>) in fl e , 
V 
v = e on d£l e , 

where <fi e £ C 1+1 (d£l e ) is assumed. 

It is clear that for a = 1, the flat domain D e C {x n+ i = e} enclosed by T e 
(known as "horosphere" ) is the corresponding smooth radial graph satisfying (|8.1|) . 
Therefore, there exists cto <= [0, 1) H [a, 1) with ao being sufficiently close to 1 so 
that the implicit function theorem applies to (|8.ip . In this way, we can obtain a 
hypersurface Eg = {e<z : z e Hj, where w§ £ C°°(a) n C 1+1 {TT e ). Moreover Eg 
has hyperbolic mean curvature ao and 9Eg = r e . By continuity, Eg is close to the 
flat domain D e and for all e > the uniform exterior local ball condition is satisfied 
by Eg's. 

With this specific construction of the initial hypersurface, we next give a prelim- 
inary C° estimate for the solution to the AMMCF (TO]) . 

Lemma 8.1. On E^ there holds the height estimate 



(8.2) u e( Z)t )<^^i_£ + Cj ( Z ,t)en e x [0,T £ ), 

where d(D) is the Euclidean diameter of D (the flat domain enclosed byT) . 

Proof. Let B be a ball of radius R with center on the plane {x n +i = —aR] such 
that the n-ball B n {x n +i = e} has radius r — d(D)/2 and contains D e . By 
continuity, we can choose ao so small that B contains Eg as well. By (i) of Lemma 
EJ is contained in B n H™ +1 for any t £ [0,T e ), and therefore 

u e (z, t) < (1 - a)R , (z, ()efl f x [0, T e ) . 
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Moreover, R 2 = (e + <jR) 2 + r 2 , which implies 

r <t r 1 + cr 
8.3 + < i? < + j e ■ 

VI - cr 2 1 - o~ Vl - cr 2 1 - cH 

This completes the proof. □ 
Remark 8.2. In particular, on Eg there holds the height estimate 



1 + co 



See lemma 3.2 of pSOOj 



The only thing left to show is |Vw§|(z) < C for all e and z g £l e . The first step 
is to obtain a good barrier for Vi> e (-,i) at any point z G <9f2 e corresponding to 
P = e* e ( z °)z g T e . For convenience, we choose a coordinate system around Po so 
that the exterior normal to T c at Po is ef . Let Si > (respectively £2) be such that 
for each point P g r e , a ball of radius (5i (respectively (52 ) is internally (respectively 
externally) tangent to T e at P. Let Pf = Pf(cro), i = 1, 2 be the (Euclidean) balls 
of radius Pi centered at C; = Po + (— l) J <^e| + (a, — e)e , where 



, x -(-1) < «T + \/e 2 + S'f (1-ct 2 ) , , . • 

(8.5) ifc = -i V 2 ^ ^ and a, = (-l)'^ ■ 

i (T 

Recall that Sl(ao) = dB\ n H™ +1 has constant (hyperbolic) mean curvature <7o 
with respect to its outward normal while S'l(o'o) = dB\ n H n+1 has constant mean 
curvature <7o with respect to its inward normal. Moreover, by our construction, B\ 
and P| are tangent at Po, B\ PI {a^n+i = is internally tangent to T e at Po, and 
P| D \x n +i = e} is externally tangent to T € at Po . 

Lemma 8.3. Locally S\(aa) is interior to Eq(cto) and S% is exterior to E . 

Proof. This follows from the maximum principle for the equation (|2.5[) . □ 

Similar to equation (|4.7[) . we see that Si(o"o) and S'l(o'o) serve as good local 
barriers of Eg around Po and we obtain that 

(8.6) |V«§|(P ) <C, 
where C is independent of e and P £ T e . 

The next step is to obtain the uniform interior gradient bound for Vq and one 
observes that we only need to bound 

e v o 

Xe f 
n ' V 



' U E 



from below uniformly in e . This can be done as follows. Firstly note that since D e 
is a vertical graph over D and by continuity (induced from the implicit function 
theorem used in the construction of Eg), E is a vertical graph of the function Uq 
over D as well. And similar to Lemma 18.11 we have another height estimate for 
vertical graphs. 
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Lemma 8.4. |GS00| lemma 3.5] On E there hold, 



s 



(8.7) „V) > d(x') Jl^ + J^, x 'eD 

V 1 + (TO 1 + O" 

where d(x') is the distance from x' to dD . 

Moreover, there exists e\ > such that, for any Co £ [1 — ei, 1), there exists 
Si = ^i(ei) so that in the (^-neighborhood of T e in D c one has \Vvq\ < where 
C is the uniform gradient bound of Vq on r e as in equation (|8.6|) . Away from the 
^-neighborhood, by Lemma 18.41 



Xg-i/! =X§.e-X§.(e-i/|) 



1 + cr 



\| V 1 + l Vw ol 2 
where V is the Levi-Civita connection on R n+1 and we used that 

„i = <-^2S_,-_J_) 



'1 + IVoSI 2 \/ 1 + l v »SI 2 

since E is a vertical graph. 

Now using the fact that H E is subharmonic on the constant mean curvature 
hypersurface E (see Theorem 2.2 of |GS00j ). we have 

Lemma 8.5. [GSOOi corollary 2.3] For any A G (0, 1) , 



l+|Vu§| a < \ m 

(1 - AjCTo 

where n x = \xe D :uf ) < — . 

I u - suPre ff| j 



To make use of Lemma 18751 we also need the following estimate on the Euclidean 
mean curvature H e E of Eg on 9Eq = T £ . For x £ 9-D = T, denote by ri(x) and 
ri{x] the radius of the largest exterior and interior spheres to dD at x, respectively, 
and let r\ = min^gg^i r 1 (x), r 2 = min xe Qn r 2 {x). Then we have 

Lemma 8.6. ( I SI if)', lemma 3.3] For e > sufficiently small, 



y/i-v'o e ( 1 - (T o) . <J -e-v% y/l-cr'o , e(l + <r ) 

t < = n E < 1 = on i e . 

r-2 r! u ri rf 

In particular, e- ao on T e as e — ► 0, provided that dD is C 1+1 . 

Combing the estimates in Remark 18.21 and Lemmas 18.51 18.61 we can choose <7o 
sufficiently close to 1 (for fixed ei) such that 



Now we can conclude 
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Theorem 8.7. There exist constants eo > and cto € (0, 1) H [a, 1) that is suffi- 
ciently close to 1 such that for all < e < eo, there exists a smooth hypersurface 
Eg with <9Eg = r e C {x n+ i = e} and whose hyperbolic mean curvature is o~q. Ad- 
ditionally, Eg can be represented as a radial graph of a junction e v ° over Q e C S™ 
and 

(8.9) \Vv \(z)<C, zefil, 

where C is a constant independent of e. Moreover, the Eg 's satisfy the uniform 
exterior local ball condition. 

9. Interior gradient bounds and continuous boundary data 

9.1. Interior gradient bounds. We will next provide a version of a priori interior 
gradient estimate for the regular solution to the MMCF (|2.9[) , which is essential 
for the existence result of the MMCF with less regular (e.g. continuous) boundary 
data. 

Lemma 9.1. Let v be a C 3, i function satisfying equation (|2.9[) in B p (P) x (0, 2T) 
for some T > 0, where B p (P) C {y > s} . Then 



v/l + |VH 2 (P,T) = w(P,T) < C7 ie ^ , 
where Ci,C2 are non-negative constants depending only on n,a,e,T and \\v\\l^ ■ 
Proof. Define 

where L is the linear elliptic operator from Lemma 14.11 . Without loss of generality 
we may assume (by adding a constant to v) 1 < v < Cq. We will derive a maximum 
principle for the function h = rj(z, t, v(z, t))w by computing Ch in B p (P) x (0, 2T), 
where rj is non-negative, vanishes on the set {t(p 2 — (dp(z) 2 ) = 0}, and is smooth 
where it is positive. Here dp(z) is the distance function (on the sphere) from P, 
the center of the geodesic ball B p {P). Then h is non- negative and vanishes on the 
parabolic boundary of B P (P) x (0, 2T) . 
Choose 

77 = *,"(»>*))); g(<p) = e K *-l, 
with the constant K > to be determined and 



tp(z,t,v(z,t)) 
By Lemma |4. II we have 



v(z, t) t I ( dp(z) 




2v(P,T) 



2y 2 ■■ 

Ch = n£w + wCi] a %3 r]iWj 

n 

( v 2 \ ( v 2 
(9.1) = r}Cw + w ( rjt Mr] j < w ( 2?y + n t Mr] 
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71 ( V?J 

M = o 13 V«-- a — +e) -V 



where 



y \ w 

2 

We will choose K so that 2r/ + rjt — ^—Mr\ < on the set where h > and w is 
large. 

A straightforward computation gives that on the set where h > (using equation 



n ( Vij 



Mr] =g'(<p) a^Vijtp - - a — + e • Vip + g" {y)a i3 V^Vjip 



Ke 



Kip 



y \ w 
nv t no 



2t 



2y 2 v{P 1 T) 2ywv{P 1 T) p 2 T 



(a lj V t dpVjdp + dpa lj Vudp] 



2nt ( Vv 

a he- dpVdp 



p 2 yT \ w 

+ K 2 e K *a l i ( , Vi r + A 
\2v(P,T) p 2 T 

Using the definition of a 4 - 7 we find 

2 * , - , 
-it— dpVidp 



dpV ' idp 



2v(P,T) ' p 2 T 
Vv\ 2 



2v(P,T) p 2 T 



2t 



2v(P,T) p 2 T 



2* , „ , 
-^-dpVjdp 



dpX/jdp 



A(v{P,T)) 2 w 2 Tv{P,T)p 2 w 



(Vw,V<ip) 1 



TV 



i 



where ( , ) denotes the inner product with respect to the induced Euclidean metric 
on E t . Therefore we have 



2i] + Vt~ —Mr) = 2n + Ke Kv 
n 



1 - 



2v{P,T) T 



V 2 

— Mr) 

n 



Ke Kl P y 2 Ke K ^v t 

< 2r) H —Mr) - 

- 1 T n 1 2v(P,T) 



y_ e K<p 



< -— e 
n 



K 



Nv\ 



1/32 



Aw 2 (v{P,T)) 2 w 2 \p 2 8(v(P,T)) 



\Vv\ 



CK 

T 2 " 



< - — e 
n 



K 2 CK 



C 



32 p 2 

whenever w > max{y/2, = so that ^£ > \ and < ^ 2 



Thus, the choice of K = 32CC n 1 



Co 



(9.2) 



Ch < 



gives 
>J 2 



2?7 + Vt -—Mr) 



< 



on the set where h > and w > . Then by the maximum principle, (|9.2p gives 
(9.3) h(P,T) = (ef - l) w(P,T) < max/i < (e 2A ' - l) 
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and hence 

CCq 

w(P,T) < de~^ 

for a slightly larger constant C . This completes the proof. □ 

9.2. Continuous boundary data. By the standard modulus of continuity esti- 
mates (see e.g. |L96[ theorem 10.18]) and with the aid of the a priori interior 
gradient estimate (see Lemma l9.1j) proved in the previous section, one can further 
relax the regularity of the boundary data to be only continuous via an approxima- 
tion argument. We have 

Theorem 9.2. Let T be the boundary of a continuous star- shaped domain in 
{x n+ \ = 0} and So = lim e _>. u S be as in Theorem l_Z.il or Theorem \1.2\ Then 
there exists a unique solution F(z,t) € C°°(§" x (0, oo) H C°(§™ x [0,oo)) to the 
MMCF (|1.2[) . Moreover, there exist ti /*■ oo such that Yi ti = F(S^_,ti) converges to 
a unique stationary smooth complete hypersurface € C°°(S™ )nC°(§™ ) (as a ra- 
dial graph over S™ ) which has constant hyperbolic mean curvature a and <9£oo = T 
asymptotically. 
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